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IMocBamaerca namaru
Opua Baamuvuposuua JIuaaUKA

1. BBEAEHUE

B 1770 . #A<. JI. Jlarpams mokaszad, uTo KaKIA0€e HATYpabHOE UK-
CJI0 eCcThb cyMMa He GoJjiee 4eThIpeX KBaAPaTOB HATYPAJbHBIX YUCET.
B 1oMm ke romy E. BapuHr BbIcKasaj MpearnosoKeHne, 4To Kaxcdoe
HAMYPGALHOE YUCAO €CMb CYMMa He boaee 9 Kybos HAMYPALBHBLL U~
cea, He boace 19 buxeadpamoe u m.o.

Ilepsuiii mar B perenuu npobiaembl Bapunra caemnan B 1859 1.
/K. JluyBunab, mokasaBIuWii, 4YTO KaxKI0€ HATYPAIbHOE UKUCIO €CTh
cymMma He Gojee 53 6ukBaapaToB. [Ipu »ToM OH MCIOBL30BAJ HEKO-
TOPO€E TOMKIECTBO AJA MHOTOUNIEHOB 0T 4 mepemennbix. [lo3ntnee mis
Toii e 1enu K. Jliora npeasoxunn 6oitee mpocToe TOXKIECTBO

627 + 25+ 23 +23)” =Y (i + 25)* + (21 — )% , (1)

B KOTOPOM CYMMUPOBaHUE BEAETCH MO BCEM MMapaM IEJbIX YUCET %, j
c ycaosuem 1 <z <5 <4.

BriocinencTBun ycuamaMM MHOTMX MaTeMAaTUKOB I0M00HBIE pe-
3YJbTATBI OBLIM YCTAHOBIEHbI Jiisd cTeneneid 3, 5, 6, 7, 8 10, cm. [10],
ra. 25. [Ipm »ToM B 0CHOBe HOKA3aTelLCTB JEXKAIA BCce Gojee CIIOK-
HBIE TOXAECTBA, MoAo6HEe (1). B 1909 1. B paGore [13] JI. Tunnbept
OKa3ail, UuTo

Teopema 1. Ilpu awbom yeaom n > 1 kaxmcdoe namypaavroe 4ucao
donycraem npedcmagsenne & sude CYMMu n-r cmenenedl Hamypass-
HBLE HUCER, KOAURECTNEO KOMOPHLL HE NPEBOCTOOUM HeKOMopoll 2panu-
4oL, oNPedeagemMosl MoabKo NOKA3AMeENEM T U He 3asucauesi om npeo-
CMABATEMOZ0 NUCAG.

DTa paboTa BBINOJHEHA NPU YACTUUHON mnonzepskke Poccuiickoro Ponna
PynnaMeHTaIbHBIX UccaenoBanuii, rpanTt No. 03-01-00359.
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150 FO. B. HECTEPEHEKO

Pacnpocrpaneno MHeHHMe, UTO AOKA3aTENLCTBO TeOpeMBI | Mib-
6epra BeCcbMa CIIOMKHO B TEXHUYECKOM OTHOINEHUU W TPYAHO IJIA T10-
HuMaHuA. B neficTBUTENBHOCTH BTO He TaK.

Hactosmas craTbs HOCUT MeTOIMYECKAN XapakTep. B Heil mpu-
BOJNATCA NBa »JIEMEHTAPHBIX AOKa3aTeiibCTBa TeopeMbl ['mibbepra.
ITepBoe cnenyer npesam camoro ['mabbepTa, a BTopoe 6BIIO TIPETTO-
wero FO. B. Jlunaukom B 1943 r. EcrectBento, 06a noka3aTeabCcTBa
UMEIOT OTJWYKAA OT OPUTMHAJLHBIX, TaK KaK BIWTAlu B cebA pAn
VIIPOINEHNA U YCOBEPITEHCTBOBAHWN, TIPEIOKEHHBIX BITOCIEICTBUN
pas3nuuHbIMU aBTopaMu. MBI He KacaeMcs pe3yabTaToB, MOJIyYeH-
HBIX aHAJUTUYIeCKUMHU MeTogavu. C HUMH MOMKHO MO3HAKOMUTHCHA,
HaIPUMeEp, 10 KOMMEHTAPUAM K PYCCKOMY TepeBOAy TpyaoB | 'mib-
Gepra [13], crp. 540-546, cm. takxe Ilpemucaosue P. C. Bona k
kuure H. Davenport [21].

2. JJOKA3BATEJIBCTBO I'MIBBEPTA

Patora I'mnb6epra 3aBepinaeT 1eNdblid pAL UCCIeN0BAHUR, ecTe-
CTBEHHBIM 06pa3oM 06obimas u pa3BUBad MPEANIECTBYIONNE UIEU.
TexHudeckre TPyAHOCTU OPUTHHAIBHOTO AOKAa3aTeNILCTBA OBIIM CO-
CPenoTOYEHBl B 060CHOBAHNEI HEOGX0MMMOTO 0BIIEro TosKAecTBa (Te-
opema 2). BriBoa ¢ ero moMoIplo IMIoTe3sl BapuHra ObLIT coOBeEp-
IIIEHHO DJIEMEHTAPEH M TOMEIEH HAMU C HEKOTOPBIMU YIIPOIEHUAMUA
B pasneine 2.2.

2.1. ToxnmectBo I'manbeprta.

Teopema 2. lag awovz weavie m > 1 u r > 1 cywecmeyiom no.roncu-
MEABHBLE PAYUOHAABHBLE HUCAA b; U Yeable OMAUNHBLE OM HYAT YUCAG
Aj; Maxue, WMo MoNCOCCNBENHO NO T NEPEMEHHBIM L1, ... , Ly 8BINOA-
HAEMCT PABEHCTNEO

M
(x%—l—...—l—xf)mIij (a1jl‘1+...+arjl‘r)2ma (2)

ji=1
npuvem M = (2m+1)".

Ormerum, yro ['une6epT moKa3ad »Ty TEOpPEMY HPU I = b U MeHb-
meM 3uavenvm M. OnpHako aisA perienus npobiembl Bapunra B ero
dopMynIMpoBKe BesuuuHa M He MMeeT 3HAUYEHUS.

Teopema 2 6buia chopmynupoBana B pabore ['ypsuna [15] B ka-
YeCTBE MPEAINOIOKEHUA, M UCIIOIb30BAJIACh TaM AJA J0KA3aTEIbCTBA
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YTBEDPRAEHUA, UTO W3 CIPABEIMBOCTH TUIIOTe3kl BapuHra ansd mo-
Ka3aTellf m CIlelyeT €€ CIPaBelIUBOCTDL A Toka3aTens 2m. Brep-
Bble TeopeMa 2 Oblna pokazana ['mibbeproMm, [13], ¢ ucnonbzoBanuem
ISl 9TOTO KPATHBIX MHTErPAJIOB IT0 MHOTOMepHOMY mapy. OmaHoBpe-
MeHHO co cTaTbell ['uapbepra GblIa oMy 6JAMKOBAHA CTATHA XayCa0p-
da [12], rae gaBaioch UHOE JOKA3ATEILCTBO TEOPEMBI, IIPUMEHABIIIEE
KpaTHble HeCOOCTBEHHBIE MHTET PAJIBI M OPTOTOHAJIBHBIE MHOTOYJIEHEI
Ypmura. BrnociencTtBum oka3aiock, 4TO A0KA3aTEAbCTBO XayCI0p-
da MoxkeT GLITH TPOBeAEHO 5e3 UCIIONb30BAHNUA UHTErPAJIOB. 3a TPy
roga B paborax E. Crpuactepra [18], A. T'ypsuna [16], P. Pema-
ka [17], T'. ®pobenmyca [11] Obl HaligeH DieMeHTAPHBIA BapUaHT
paccysiaennii Xaycaopgpa. Hwke naercs ele onHO 2jieMeHTapHOE
IOKa3aTelbCTBO TeopeMbl 2. [lo cylecTBY oHO Takke ABIAETCA IIe-
pepaboTkoit moka3aTesbcTBa Xaycmopda.
Onpenenum mMociie 10BATEIBHOCTD EJBIX YHCEIN C; PaBEHCTBAMU

25! .
C25 = %a y C2j+1 = Oa J Z 0.

IIycTh mpu HEKOTOPHIX HATYPAJbHBIX N U M AefiCTBUTENbHBIE UM-
cna ap, B, h=1,... ,n yIoBAeTBOPAIOT yCIOBUAM

Zﬁho/ﬁ:ck, k=0,1,...,2m, pp >0, (3)
h=1

TOFﬂa TOHKIAECTBEHHO IIO II€pPEMEHHBIM X1, ... ,ZX, BBIIOJHAIOTCA pa-
BEHCTBa

Z Z Bny - Bn. (thlm-l-...—l—ozhrm)zm

hi=1 hr=1

Zn Zn Z (2m)! k kr k 3
Wﬁhl...6hrahi...ah:xll...xrr
him=l  hy=1 kit tho=2m r
(2m)!
— AN ki ke
= Z Lok !Ckl Cp, Ty x,
kit kpo=2m "

(2m)! m! 3 . (2m)! m
= 2 gt = )

Takum ob6pazom, TeopeMa 2 HymeT JAoKa3aHa, €CJIU Mbl YCTAHOBUM,
YTO MPU HEKOTOPOM N CHCTEMA yCIoBHiA (3) OTHOCUTENBLHO HEM3BECT-
HBIX «p, O pa3peninMa B PallMOHAJBHBIX YKMCIIAX.

itetir=m
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MMonoxkum B (3), (4) mapamerp n = 2m + 1. Torma ama jgoka-
3aTeNBCTBA TEOPEMBI JOCTATOYHO YCTAHOBUTBL CYIECTBOBAaHUE Heii-
CTBUTENBHBIX YKcCel [y W PA3JUYHBIX A€HCTBUTEIbHBIX UYUCEN «,
yaoBileTBopsonmx yciaopuam (3). JleiictBurenbHo, pu GpUKCADO-
BAHHBIX DAa3iWUHBIX ap U N = 2m + 1 pabeHcTBa (3) ompemensior
yncia J eIMHCTBEHHBIM o6pasom. I[lpu sToM ducia [ HempepbIBHO
3aBUCAT OT «v. Eciu BRIGpaTh palMoHaJ bHBIE UACIIA ozlh HOCTATOYHO
GIU3KMMU K (v, OTIUYHBIMA OT HYJA, W ONPENENUTh IJIA HUX CO-
OTBETCTBYIOIIHAE YKCIIA ﬁ;c ¢ TMOMOIIBIO paBeHCTB (3), To uYmcya ﬁ;c
Takke OYAYT PAcCIookKeHBI BOIU3N OT Ymuced ;. DTO 03HAYAET, UTO
OIS PAIMOHAJNBHBIX YWCE oz;c, ﬁ;c 6yyT BBIMOJHEHBI BCE YCIOBHUA
(3), u, cirlemoBaTeNbHO, TeopeMa | GyaeT CIpaBeLnBa.

Onpenennm popmaibHble pAIB fr (%) caenyommmM obpasom

Toraa

folz) = chx_k_l. (5)

k=0

JIemma 1. Cnpagedausvt cacdyouye coommowenus

Ni(z) =z fo(x) — 1, (6)
fag1(®) = afo(z) = 2nfo_1(z), n>1. (7)

HoxazarenscTBo. O6a Toxkgectsa (6), (7) moKa3BIBAIOTCA CpaBHE-
HUeM K03 () QUIMEeHTOB COOTBETCTBYIONMX PAA0B. MMeem

2k—-1)1 _
l‘fo( 22 ]C—l - 2k:f1(x)a
unpun > 1

2 () = 20 f_i1(x) = —”2”“2 2’” n- ) = o (2). O

Onpenennm mocie[0BaATENBHOCTE MHOTOUIEHOB @y (#) Tpu moMo-
M peKypPpEeHTHOr0 ypaBHEHUA

Quir(2) = 2Qu(x) — Qur(2),  Qo(®) = 1, Qua) =.  (8)
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Bropyio mocile1oBaTeIbHOCTH MHOTOUIEHOB P, (%) onpeneinm ¢ 1mo-
MOIIBIO TOTO K€ PEKYPPEHTHOTO YPaBHEHU A, HO C HAYAJIbHBIMU AaH-
HeiMu Py(z) = 0, Pi(x) = 1. W3 (8) caeayer, 94To CTeleHb MHOTO-
uiieHa (Qp () pabHa n, a kosdPunment npu z” pasen 1. Kpome Toro
deg Pp(z) <n—1.

Jlemma 2. [lpu n > 0 cnpasedanes moxucdecmeaa

P (1)@ () — Pal@)@uia(z) = 2" -t (10)
Qny1() = (n+ 1)Qn(2). (11)

HoxazareabcrBo. Tpu mocnenosatenproctn fp(x), Po(z), Qn(x)
VJOBIETBOPAIOT OJHOMY M TOMY 7K€ PEKyppeHTHOMY ypPaBHEHUIO BTO-
poro mopsnra, cMm. (7), (8). IlosTomy mis mokazartenbctBa (9) mo-
CTaTOYHO TIPOBePUTH 3TU cooTHommenusd npu n = 0,1. [Tpu n = 0 pa-
BeHCTBO (9) cilegyeT u3 onpelelenns MHorousneHoB Py(z) n Qo(x).
A mpm n =1 oHo coBnamaer ¢ paBeHcTBoM (6).

IIpsAMoe BbamcileHne MokasbiBaeT, uto Py(2)Qo(x) — Po(2)Q1(x) =
1. Tak rak obe mocnenoBaTenbHOCTH Py (%) 1 Q) ya0BIETBOPAIOT
pEKYPPEHTHOMY ypaBHeHUIO (8), TO CIpaBeiIMBO TOXIECTBO

Pt (2)Qn(@) = Pa(2)Qnt1(2) = 20(Pr(2)@n-1(2) = Pr1(2)@n(2)),

M3 KOTOPOTO ¢ TOMOIIBIO MHAYKIMN ToaydaeTca paBeHcTBOo (10).

Ina norazarenrbcrba (11) Takke BocnonbsyeMcdA nHAYKIWMeiA. [Tpu
n=0wu n =1 paBencrso (11) nposepsercsa HenmocpeacTBenno. [pea-
ITOJIOXKKM, YTO OHO CIIPaBeIMBO NpU Bcex n < k, rae k > 2. udde-
DEHIUMPYA pPaBEHCTBO

Qrt1(2) = 2Qr(2) — 2kQr-1(x),

¥ TOJIb3YACH MIPEIIOTOKEHNEM, HAX 0 TUM
Qp41(w) = Qulw) + 2hQp—1(2) = 2k(k — DQi—a(w) = (k + 1)Qx(z). O

Jlemma 3. Jdag n > 1 noaunom Qn(z) umeem n deficmsumenbnus
Koprell Ay < Ao < ... < Ay, npunem

sign@Q,(N) = (=1)"", j=1,...,n.
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JoxkazatesnbcTBo. JloKaskeM JeMMy MHAyKNWeid mo n. Hpu n = 1
umeeM Q1 (z) = & u yTBep:KACHNE, OUEBUIHO, BhINoMHAETCA. JoKakem
Terephb yTBep:KACHME JTEeMMBI JJIA MHOTousneHa @y, +1(2), camras, 4To
A Qn(2) oHo MMeeT MecTo. W3 pasencts (8) u (11) maxommm

Qua1 (X)) = —2nQn_1(A;) = —2Q, (X))

Mostomy sign @n41(A;) = (=1)"*1=7. Orciona caenyer, uto cyme-
CTBYIOT HYJIU [ MHOToYNIeHa (y11(2) Takue, 410

AL < pg <A < < A1 < pp < A

YuuteiBasdg, uro sigh @Qni1(An) = —1 m sign Qp41(400) = 1, sakimo-
YaeM, UTO MHOTOYNEH (Qp41(2) MMeeT HYIb fn41 > Ap. Kpome Toro,
paBencTBa sigh Qnt1(—00) = (—=1)"*) sign Qn41(A1) = (—1)" osnaua-
JOT CyIeCTBOBAaHWE HYJIA fi1 C ycJoBUeM i1 < Ai;. MTak, MHOTOUYIEH
Qn+1(2) mveer n+ 1 pasiIUYHBIX AeHCTBUTENBHBIX HYJTEH.
TMonbaysck Temeph ciaenyommMn u3 (11) paBeHcTBaMM

Quar (1) = (n+ 1)Qu(py)

1 HEpaBEHCTBAMU
ﬂl</\1<LL2</\2<...</\n_1<ﬂn<An<ﬂn+1,

3aKJII0OYAEM, YTO M0CIEeA0BATEILHOCTE Q;H_l(ﬂj) — 3HaKo4YepeLyIola-
AcA. YunrbBad, 970 Qn(ptint1) > 0 1, moToMy Q;L+1(ﬂn+1) > 0, Haxo-
JUM, 4TO Sign Q;H_l(pj) =(-1t-i. O

3aBeplIuM Terephb J0Ka3aTelbCTBO CYIIeCTBOBAHNUA ASHCTBUTEIb-
HBIX 9mcedn oy, B, yA0BIETBOpAIOIMX ycaouaMm (3) mpu n = 2m—+1.

Ob6osHaunM «y, . . . , &p KOPHU MHOTOUIIeHA (Qy (7). CormacHo qeMMe 3
BCe OHM AEHCTBUTENBHBI U pasnnysbl. [Tockonbky deg Py () < Qn (),
P,(x
TO palMoHAJNbHAA PYHKIUA Qu(z) VIMEET CIeNyIONIee PasylokeHne B
n
CyMMYy TpocTefimux apobeit

Qn(x)_x—ozl r—

(12)

W3 sroro pasencrBa u Toskaects (10), (11) Haxomum

_ Py(ap) 27t (n—1! 27 l.op
Bh - Q;L(Oéh) - Q;L(O‘h)Qn—l(Oéh) - Q;L(O‘h)z > 0.
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Nz (12) caenyer, uro pasnoskeHue yHKIMN SA‘(% B pan Teitnopa B
OKPECTHOCTH TOYKHA OO MMEET BU

oQ

Pn(l’)_ - an 38 ) k-1
Q”(x)_kzzo ; hPh : (13)

Cornacuo (9) uMmeem

Pule) _ o)
Tak 4To IMepBble 2n KosQPpuIMeHTOB pasiokennsa (13) coBmaznaror ¢

COOTBETCTBYIOMUME Kosdhdunmenramu paga (5) ana fo(x). Tarnm
06pa3oM, BBIIOJHAIOTCA PaBEeHCTBA,

— O(l,—Zn—l)’

fo(z)

Stanfl=cr, k=0,1,...,20n-1,
h=1

W, B 4acTHOCTH, paBeHcTBa (3) mpm n = 2m + 1. Wrak, mefictBu-
TeJIbHBEIE YKMCIIA, YAOBIETBOPAIIME YCIoBUAM (3) mocTpoeHbl. DTo
3aBepIIaeT J0Ka3aTehCTBO TEOPEMEI 2.

Popmanbubelii pan (5), onpenensAnommii fo(x), ABAAETCA BBIPO-
IACHHOW TUllepreoMeTpudeckoil GyHrnmeid. PasnoskeHus Takux psi-

JI0OB B HellpepbIBHBIE APOOU X0POIIo U3BecTHHI, cM. [4, ra. 2]. dpobu
P,(z)
Qn(7)
fo(x). PeryppentHble ypaBHeHnsa (8) — 970 ypaBHEHUA UL YNCIUTE-

Jeil v 3HaMeHaTelelt moaxoaAnmx qpobeit, cM. [4, popmyna (2.1.6)].
PapencrBa (10) — Takke KIaCCUYECKAE COOTHOIIEHUA MEKILY UMCIV-
TeJNAMU ¥ 3HAMEHATENAMU COCEIHUX MOoAXOMANMX Apobeit, cm. [4,
popmyna (1.1.9)]. 3namenarenn noaxoaammx apobeit Qn(x) cBaza-
HBI C KJIACCUYECKNMI MHOToUIeHaMu Dpmuta H,(z) cooTHOIeHnEM
Qn(x) = Hp(%), cm., nanpumep, [5, popmyaa (63.10)].

TosxkmectBo (4) BrepBble oABUIoCch B pabore Crpuacbepra [18].

ABJAIOTCA TOAXOIANUMUA APOOAMU HeNPepPLIBHOW nApobm mitd

2.2. JlokazaTesibcTBO TeopeMbl 1.

B nokazatenbcTBe 6ymeT MCHONB30BATHCA TOKAECTBO TEOPEMEI 2
cr =D) U ellle OAHO TOMKJIECTBO HeUeTHOHN CTeleHU, MoJydYalolieecs
n3 (2) anddepeHIMpPOBAHNIEM.

CaencrBue 1. Jlag kaxmcdozo yeaozo m > 1 cyuecmayiom noaoxncu-
MeabHble PAYUONAAbNBLE WUCAQ C1, ... cpr, M = (2m + 1)°, u yeavie
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omauyunvie om wyad wucaa a; 5, 1 <1 <5, 1 <5 < M, makue, umo

moxucdecmeento no NepeMenHtHblM T1, ... , Ty BUNOAHTECMCA PABEHCINEO
M
2 2ym-1 _ 2m—1
x (x1+...+x5) = E ¢j(a1j21+ ...+ a5 ;s5) , (14)
ji=1

JHokazaTrenbcTBo. 1A moka3aTesbCcTBa HOCTATOUYHO Hpoauddeper-
UPOBATL TOXIECTBO (2) U MONONUTL ¢; = bjar ;. O

s JOKa3aTeJbCTBAa TE€OPEMBI 1 6yﬂeT YCTAHOBJIEHO CJIEAYIOIIIEE

Hpengmoskenue 1. Jag xaxncdozo mamypaavnozo n cyusecmeyiom 0sa
YEABT YUCAQ P U § MAKUE, YN0

n=p+gq, 0<p<y,
Hamypa/zbnoe HYUCAO I{ U NOAOAHCUMEABHDBLE pau,uonanbnble Hucaa
Ti, ..., 7L €O caedyouumy ceoficmaamu: 0asg aobwr v,y € Z,x > 0, ¢
yC/LOBU&M
q
lyl <z (15)
CYWeCMBYIMmM Yeable HEOMPUYAMEADHBLE YUCAA UL, ... , U], MAKUE, YN0

L
P (I 4 _ L,
P(Kal+y) = E rjug.
ji=1
ITenere uncaa uga #F (Kz? 4+ y) ¢ ycaosuem (15) cocraBnsaior mo-
craTtouHo mioTHoe MHoxkecTBo M. Kammoe Gosbmioe mesoe umcio
MOKET OBITH MPeJACTaBIEHO0 B BUIE CyMMBI ABY X unces uz 9. Umenno
Ha 2TOM CBOWMCTBE M OCHOBaH CJEIyIONUiA dajee BLIBOJ TEOPEMEI 1.

BeiBon teopembr 1 m3 mpemgoskenua 1. Ilycts ) — mocrtaToudno
Goabioe 1esoe unciao. O6osznaunM 6ykBo#i ¢ HambobIlee Meoe Yn-

CIl0, TaKoe UTo
K(z" + J:"'H) <Q,

nz=0Q— K"+ (z+1)"). Torma
0<z < K((z+1)"+(2+2)") =K (2" +(x+1)") = K((#4+2)" —2") < 2",

ecau (), a, 3HAYAT, W & JOCTATOYHO BeiuKo. CYIIECTBYIOT Iejble
yucaa Y, Yz, Takme 4To

z= (x4 1Py — 2Py, 0<y < (x4 1)
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Torma 0 <y < 2Pt <2? yy >0 1

Py + 2 z x”
— <P+ ——— <P+ ——— <P+l < (x+ 1)
(x+1)p — (x4 1) — (x4 1)r ( )
Mapsr uncen (#,y1) u (z + 1,y2) yAOBIETBOPAIOT YCIOBUAM IIpe-
aoxkerns 1. ITosToMy cymecTBYIOT Iejble HeoTpUIATENbLHBIE YMCJIa

Ya =

Ui, ..., UL, U1,...,V[, AIA KOTOPBIX
L L
xp(qu—yl):eru?, (x+ DP(K(x+ 1)+ y2) Zr]v
ji=1 ji=1
Ho Torma

Q=K@+ (xz+1)")+=
L
=2 (Ke! —y)+ (x + D (K(x 4+ 1)? + ya) Zr]u + 7).

j=1

IIycts Ry > 0 — nauMenbinumii o61umii 3HaMeHaTe b YUCe]T T U 1j =
R;/Ry. I3 mokasaHHOTO CIELyeT, UTO KakKIOe LOCTATOYHO GOJbIIOE
Iejioe YnCiio, fedifAlleecd Ha [y, MoxeT ObIThL NMpe/NCcTaBIeHO B BUIE
cyMMHbI 2(Ry + -+ 4+ Rp) ciaraeMbix, KakI0€e M3 KOTOPEIX €CTh N-f
cTerneHb 1eioro yncia. Keau N mocrarouno Bemmko, u N = Ro@ +
7,0 < T < Ry, To T mipeacTaBUMo B BUIe CYMMBI He Gojee YeMm
Ry emmnurnt. Ho Torma uwmcao N TpencTaBUMO B BUJE CYMMBI n-X
CTeTeHeR MeNbIX Yhcell, COCTOANEl He Goiee dyeM m3 Ry + 2(R; +

-+ Rp) ciaraeMbIx. DTo 3aBeplaeT JOKa3aTelbCTBO T€OpPEMEL 1.

d

ITepeiinem Teneph K HoKazaTedbCTBY Mpeaioxkenus 1. [Iycts n > 2
— ¢urcupoBanHoe 1esoe yncio. Onpexennm Tpu yucia a, A, », 3a-
BUCAMME OT n, cienyoimmMm obpazom. Ob6osnauuMm OyKBOW a HamW-
MeHbIIee obIIee KPATHOE BCEX UUCET (1 1, - . . , 41, M B TOXRIecTBax (2),
(14), HamicaHHBIX A7A Beex m < n/2. Bocnonb30BaBIINCh MTpeaCTa-

BJleHVIEM

aijr1+ -+ asjrs = ;’] (azy 4 ay x4 -+ ag jxs5),
rie a; ij = ij g —, M MOANPABUB Koo P PUIMEHTHI b;, ¢, MOXEHO JOOUTH-
¢, 4TOOLI B TOMTECTBAX (2), (14) mpu Bcex m < n/2 BBEIIOJHANNCH
paBeHCTBa a11 = - -+ = a1 p = a. O603HAUNM Telepb

A =max(laz ;| + -+ |as ;)
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riae Mmakcumym Gepercsa o BceMm j, 1 < 3 < M, 1 mo BceM ToXRITeCTBaAM
(2), (14), mpu Bcex m < n/2. IlycTh Telephb » — HaWMeHbIIEE [ET0€E
YKMCII0, YAOBIETBOPAIOIEE HEPABEHCTBY » > % U JEeJANEECA HA @.

Onpenenum Tenepk mociienoBaTelbHOCTb Ky, K1, ... peKyppeHTHO
C TOMOIIBIO PABEHCTB

K,_1+ax
Ky = 2, Ko=|—
a

2

Jlerko BUIEeThH, UTO BCE [{7- €CThb [eJible 4YncJia, AeJAnmecs Ha a~,

npuueM K, > »°.
Mpennoxkenne 1 nokaswiBaercA mo WHAYKIMA. CoOOTBETCTBYIOIIEE
WHAYKTUBHOE YTBepKAeHNE MBI CPOPMYJIUPYEM B CIIeAYIONIEM BUJIE.

IIpennoxenue 2. [Tycms s,n — yeave wucaa, 0 < s < logyn, yeavie
YUCAA U,V ONPEDEAEHBL YCAOBUTMU

n=uv-2°+u, 0<u<?2®.

Cywecmeyiom noaoxcumendusie payuonaivrile wucaa di, ... ,dg,Q <
n* makue, WMo 04F A06KT YEAVT HUCEA T,Y C YCAOBUEM

s
ly| < se /K a? (16)
HATOYMET Yeavle HEOMPUYAMEABHILE YUCAA W1, ... ,WQ, C KOMOPHMYU
8BLNOAHAECTCA PABEHCMAO
Q
Ul .2° v n
2 (Ksz® +y)' = E d;w}. (17)

i=1

BriBon npemrosxenusn 1 u3 npemmoskenus 2. [lycts g — Hanboiib-
mee mejoe unciio ¢ ycaopuem 29 < n. [lojoxkum B mipeasioxeHum 2
s=g. Tormav=1nu=n—-—29 <29 Ecoue3satb p=u=n—29u
q =29, To U3 MpeNoKeHNA 2 TToJydaeTcs npemioxkenue 1. O

O6ozaaunm M, COBOKYITHOCTD IEBIX YKCEJ, IPEACTABUMBIX B BU-
e x“(stzs + y)¥ ¢ UedBIMA Z,Y, YAOBIETBOPAIOIIMMK YCIOBUAM
(16). B uwactHOCTH, MHOMKecTBO My COCTOUT M3 N-X CTeleHER Ie-
abix umcen. Kaxapiii simemenT MHOXKecTBa M, Kak 8T0 OymeT BUI-
HO W3 /[0KA3aTeJbCTBa MPEUIOKEHNA 2, MPEACTABUM B BUIE CYMMBI
OTPAHUYEHHOT'0 YMCIla cjaraeMbiXx U3 MHosKecTBa M1 ¢ KOs Pumm-
eHTaMM, PUHAATEKAMMA QUKCUPOBAHHOMY KOHEYHOMY MHOMKECTBY
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ITOJIOHUTEIIbHBIX PAIVMOHAJBHBIX UHXCEJT. I/IHﬂyKHI/IH mo s obecneunBa-
€T BLIIIOJHMMOCTL HYXKHOI'O YTBEDPHKIACHUA. TakoBa BKpaTOe cxeMa
JAOKa3aTeJbCTBa IIPEAJTOKEHNA 2.

JlokazaTesbcTBO. Kak yiKe yKas3blBaJoCh, NpeioxkeHue 2 Oymaer
JOKA3BIBATECA MHAYKIMeR o s. IIpu s = 0, (u = 0,v = n) yTBepEIe-
HUe, OYeBUIHO, BhIModHsdAeTcA ¢ @ =1, dy =1 uw w; = Kgz+y > 0.
Mpemmonoskum, uto s > 1 u gna s — 1 yTBepKIAeHUe CITPABELIUBO.
IlycTh Takke Iedble YACIa &, Y YAOBIETBOPAIOT yciaopuo (16).
OrnpenenuM HEKOTOPBIM CHENUATBHBIM 00pa3oM Iejble YMCa
Z1,...,&s5, IPAYEM TaK, YTOOBI BBIIOJIHAETCA PABEHCTBO

2

sts—i—y:x%—l—~~~—|—x§.

Monoskum G = K;_1/a u z; = Gz? ™. Hockoabky Ky = (G + )?,
nMeeM

K, — G? = 2Gx+ »* > »\/K,.
CuenoBaTelbHO
(Ky = GHa? +y> (K, — GHa? — se/K,2® >0,

u 1o TeopeMe Jlarpamia CcyIecTBYIOT Iefible HEOTPUIIATebLHBIE Y-
cia &a,...,%Ts, YAOBIETBOPAIOIINE PABEHCTBY

(K —Gz)xzs ty=ai4 -+l
Nmeem
(Ks — G*) + 50/ Ky = 3G+ 23¢* < 6. (18)

31ech UCHob30Baloch HepaBeHcTBo G = K, _1/a > 3x%/a > . U3
(18) u (16) cimemyer

lzg| < VG- 22, k> 2. (19)

Bosbmewm HekoTopbie menble m < n/2 u j,1 < j < M. Buibop B aajb-
HeffmeM j,m u ToxkaectBa (2) mim (14) Gymer 3aBUCETH OT u, v.
Ecau a;; — K02 (QUIMEHTHI COOTBeTCIBYIOMUX To:xIecTB (2) m (14)
MO JIO3KIM

Yj = a5 22+ -+ a;585.

Toraa

lyil < A-V6xG 2> <o /K,_q - a® (20)
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HocneﬂHee HEepaBEHCTBO BBIITOJHACTCH, IMOCKOJBEKY COTJIAaCHO OIIpe-
AdECIJIEHNIO 2 MeeM

6:xGA? < ax’G = °K,_.

Paccmorpum aBa ciaydas B 3aBUCUMOCTH OT BEJWYUHBI YKACIIA U.

1. Homycrum, 4To BhImoaHeHO HepaBencTBo 0 < u < 2°71. Boc-
MOJIb3yEeMCA TORAECTBOM (2) py ¥ = b, m = v 1 BEIGpAHHBIX paHee
3HaveHUAX x;. Tormga umeem

x“(stzs +y) = x“(x% + .+ x%)” = ij ~l‘u([(5_1l‘25 ' + yj)zv.

M

ji=1
YunrnBadg, uro n = 2v-2° 7' 4 4, 0 < u < 2°7!, cormacHo UHAYKTUB-
HOMY MPeANoIoKEeHNIO HAX0 UM PaBeHCTBA

QI
P (Koaz? T y) =Y diwl,
i=1

€ HEKOTOPEIMU TIeTBIMI HEOTPUIATETBHBIMI W; ; W MOJIOAKNTETLHEIMA
pallMOHAILHBIMUA YUcaaMu d;, 3aBUCAIMMEU TOJIBKO 0T n,u,v. oa-
cTaBiAA HalileHHBblEe NpelCcTaBieHUA B paBeHcTBO (20), moiydaem
HYKHOE YTBeD/KICHUE.

2. JomycTuM, 9TO BBINOJHEHbI HepaseHCeTBa 2°71 < u < 2°. Boc-
mosib3yeMca ToxkaecTBoM (14) mpuw m = v + | 1 BHIGpaHHBIX paHee
3HaUYeHUAX x;. VIMeeM paBeHCTBO

w(Kor® 4 )" =l o+ ad)
1 M
R D L RE N ST (21)
ji=1

Tak kak (20 4+ 1257+ (u— 2571 = n, 0 < u— 2°71 < 271 u ramnoe
craraeMoe B mpaBoil yactu (21) ymoBieTBOpAeT yCIOBHAM WHIYK-
TUBHOTO TIPEANOJIOKEHNA, UMEEM PaBEHCTBO
QI
P = S
i=1
¢ HEKOTOPEIMU II€JIBIMU HEOTPUIIATENBHLIMA W ; U IOIOKATEILHBIMI
paIlMOHAIBHEIMU YMCIaMi df, 3aBUCAIIMMEA TOIBKO OT 1, u,v. loa-
cTaBiAA HaiileHHBblEe NMpeICTaBIeHUA B paBeHcTBO (21), momydaem
Hy#KHOe yTBEpKIeHre. DTO 3aBepIIaeT A0Ka3aTelhCTBO TEOPEMEI 1.

d
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3. JJOKABATEJIBCTBO JIMHHUKA

HoBoe smemenraproe pemerue npob6iembl BapuHra npeaioxkun B
1943 r. 10. B. Jlunnuk, [6], KOTOpBIA B TO BpeMs ysKe UMeN HOK-
TOPCKYIO CTElEHb, HecMOTps Ha cBou 28 netT. [loab3ysack mpocTthivu
coobpaskenusamvu JI. I'. IluupesbMaHa o MIOTHOCTU TTOCIEA0BATEb-
HocTelt, JIMHHUK CBen M0KAa3aTENLCTBO TEOPEMBI | K OIEHKE YKCIIA
peliienuii HeKoTOpOTO AMO(AHTOBA YpaBHeHUsA, TeopeMa 4 Hike. He-
06x0MMoOe yTBEPKIEHNE OBIIIO JOKA3aHO UM C TTIOMOIIBIO B IIeMeHTa -
HOIl mHTepnpeTarmy MeTona . Beiinsa olleHKn TpUrOHOMETPUYECKUX
cyMmM. [Tonpo6Hoe MatoKeHne NOoKa3aTelbcTBa JIMHHUKA OBIIO JaHO
B 1948 1. A. fI. Xununaev, [3]. B 1956 r. Xya Jlo-ren BHeC Heko-
Topble ycoBeplieHcTBOBaHuA, cM. [14] u [8], nosBonuBiMe yTOUHUTD
Y YOPOCTUTH AOKA3aTeNbCTBO, M M3JOKUI €r0 Ha A3BIKE TPUTOHOME-
TPUYECKUX CYMM B BUJE OIEHKA HEKOTOPOTO TPUTOHOMETPUUECKOTO
uHTerpajia. Ilpm oTom, Bupoudem, 6blI0 HO06aBIEHO, YTO WHTETPAI
KUCIIOIb3YETCA JUIb “paan yaobcTBa; He MPeACTaBIAET TPYAa MPO-
BECTH J0KA3aTEIbCTBO CPEICTBAMU DJIEMEHTAPHOW Teopuum Ynces
cMm. [8], crp. 20. 3a upomearre nocsie sroro mouru 50 sneT HUKTO,
HACKOJbKO HaM M3BECTHO, He YIOCYKUJICA BHITOJHUTH TaKylo pabo-
1y. [TosToMy MBI counu BO3MOKHBIM B roa 90-jeTus co AHA pOKIe-
vusg HO. B. Jluaauka ony6IMKOBATH €0 TOKA3aTeIbCTBO C BHECEHHBI-
My Xya Jlo-reHoM ycoBepIIeHCTBOBAHUAMM HA BIEMEHTAPHOM A3BIKE
OopUrMHAIA.

3.1. IlmoTHOCTL mocienoBaTeabHOCTH. JIemMel IIlaupeasmana.
ComepskaHue »TOTO pasjieja XOPOIIo M3BECTHO W TIPUBOAUTCH
37€Ch JJIA TTOJHOTHI U3JI0KEHUS.
PaccmorpuM GeckoHedHYIO BO3DPACTAIONIYIO MOCIEN0BATENHLHOCTD
eJblX Yucell

a0:0,a1,a2,.... (A)
Cumbosiom A(n) Gyner 0603HAYATHCA KONUUECTBO MOTOMRMTETHHBIX
4JIEHOB ®TO¥ MOCIeM0BATEILHOCTH, HE IPEBOCXOAAMMX N. Benuunna

d(A) = inf M

n>l n

Ha3BIBAETCA NA0MHOCMbI ocienoBarenpbuoctu A. Jlosa aByx mocie-
moBaTenbHOCTENN A m B ykKa3zaHHOTO BhIlle Buaa cumBosiom A + B
6yeT 0603HAYATECA MTOCTEA0BATETLHOCTE, COCTOAIIAA U3 YUCEIT, Ka-
¥J0€e W3 KOTOPBIX HpeacTaBuMo B Buge a+ b, a € A, b € B. Cneny-
wiwme ase gemmbl npunagieskat JI. ['. [Muupenbmany, cMm. [9].
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Jlemma 4. Feau d(A) > %,

mo A+ A ecmy namypaavun@ pao.

JokazarenbcTBo. JloKkaskeM, 4TO TPOU3BOJBLHO BBIOpAHHOE HATY-
paabHoe umcao N TpuHaIIeKUT MHOKecTBY A + A, Ecau N € A,
yTBepEAeHUe ciipaBennuBo. /lanee 6ymem cumtath, uro N He Tmpu-
vHagnexxur A. O6osHaumm G6ykBoOil B COBOKYIHOCTH @i, ...,d, BCEX
MO JIOKUTENBHBIX YJIEHOB TIOCJIEAOBATENBHOCTUA A, Y I0OBIETBO PAIOMINX
HepaBeHCTBY a; < N. Bce oum orswmunwr or N. CorjacHo ycito-
Buro n = A(N) > N/2. Byksoii €' 0603HaUMM COBOKYIIHOCTE UHCE
N —a;,1 <1< n. Raxkmgoe uz maoxkectB B u C coaep:RUT He MeHee
N/2 onemenToB u Bce onm mpunagiexar orpesky [1, N —1]. Orcrona
crnenyetr, 4To MHOxecTBa B u ' MMeIOT HeTpUBHUAJIbHOE Tepecede-
HUE, T.e. HAMAYTCA DIEMEHTH a, b, TpuHaaiexaie A, 1 KOTOPBIX
a=N-5b. O

JIemma 5. Jlasg ai0bwz deyr nocaedogamearnocmell A, B cnpasedauso
HEPABEHCMEO

d(A+ B) > d(A)+ d(B) — d(A)d(B).

HoxazarenbcrBo. FEcmu d(A) = 0 unm d(B) = 0, yTBep:®IeHNE, 0de-
BUJHO, BBITOJHAETCA. ByneMm gaiee cuurtaTh, urto « = d(A) > 0
n f = d(B) > 0. B uacTtHOCTH, TO O3HA4YaeT, 4T0 a3 = 1 u
A(m) > am, B(m) > fm npu nwobom m > 1. Ilycte N — HaTypaib-
HOe UHCI0 U N — Hamboiblllee 1eiioe ¢ ycaoBueMm a, < N. Torza
n = A(N). OGosraunm s raxmgoro k, 1 < k < n cuMBoJOM i) Hau-
GoNbUINI MHIEKC C ycioBuUeM ap + by, < ap41. llycts takske i, —
Hamb ORI UHAEKC C YCIOBUEM dp + b; < N. YuuTbiBasd, 9To MHO-
#ecTBo A + B comep#nT saeMenTH ar + by, 1 <k < n, 0 < j <1y,
BCe ®TU dJEMEHTHI Pa3IUUHbl U He MpeBocxoaaT N, morydaem

(A+B)(N)>n+it+ - +iy
=AN)+Bag —a1 — 1)+ -+ Blap, —an—1— 1)
+B(N —an) > AN)+B(az—a1— 14+ +a,—an_1— 1+ N —ayp)
=(1=B)A(N)+ N >(a+p—af)N. O

HpI/IBeﬂeM TakxRe ABa OUYeBMUAHBLIX CJIe€ACTBUA JEMM 4ub.

CaencrBue 2. /lag awbvz nocaedosameavnocmedl Ay, ... A, cnpa-
8e0AUBO HEPABEHCTNEO

L—d(A;+ -+ A,) < (1—d(A) - (1 — d(A,)).
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Caencreme 3. Feau d(A) > 0, mo dag nexomopozo v nocaedogamenp-
nocmy A+ -+ A cosenadaem ¢ MHONCECTREOM YEAVIT HEOMPUYATNEAD-
—_—

r
HBLL HUCER.

3.2. TeopeMbl 0 4nciie peWICHUN MUOGAHTOBLIX ypPABHEHUU.
O6o3HaunM npu GUKCHPOBAHHOM IllejioM n > 2 GykBoili A mocie-
HOBATETBHOCTD YKUCET

A=1{0,1,23", ...},

a 6ykBo#t B mociemoBaTeabHocTh B = A+ -+ A. IlocaenoBaTenb-
—_——

M
HOCTh A MMeeT HyIIeBYIO IIIOTHOCTL. Hike BymeT moka3aHo, 4TO IIPU
HEKOTOPOM 7 MOCJIE0BATENBHOCTE B 6y/IeT UMETh MOJIO0KATENBHYIO
MAOTHOCTD, UTO COTJIACHO CJIEJCTBUIO 3 BJeUeT CIPaBeIINBOCTL Te-
opemsbr 1.

[Myctes N HeoTpuitatenbHoe 1eoe urcyio. Torma coraacHo TpUHA-
THIM paHee oGosHadeHuAM B(N) ecTh KomudecTBO 1eibix m, 0 < m <
N, niisi KOTOPBIX ypaBHEHUWE

2P+ ...+ =m, z; >0, (22)

paspelmnMo B Hesblx uncaax &;. OGos3HaunmM cuMBoioM R(m) koam-
decTBO pemnieHnii ypapHenusa (22). C nomornbio HepapeHcTBa Korm—
BynsakoBckoro moaydaem

2 N

S Rm)| < > 1-> R(m)’. (23)

m<N,R(m)#0 m=0
N iy
Cymma ¥y =), R(m) ecTh KOINYeCTBO pellleHNiI HepaBeHCTBA

4t <N, x; > 0. (24)

KRamxaplii maGop menelx umcen q,...,x, ¢ ycaosuammu 0 < x; <
(N/r)Y™ ynosnerBopsier HepasencTBy (24), MOsTOMY

S0z (L4 [N/ = (N
u (23) MomkeT GBITH MEPENMUCAHO TaK

(ﬁ)wn <B(N)- Y R(m)”. (25)

r
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N
CyMMa Z R(m)2 €CThb KOJNYEeCTBO peH_IeHI/Iﬁ CUCTEMBEI
m=0

=yr+---+y,
x; > 0,y; >0,

bl

1 HE IIPEBOCXOANT KOJIUYECTBA peI_HeHI/Iﬁ CUCTEMBbI
n n _ ,n n
x1+"'+xr_y1+”'+yra

26
0<z; <NY" 0<y <NY™ (26)

Teopema 3. Cywecmeyem wamypaabhoe wucao r = r(n) maxoe, ¥mo
npu awbom wamypassrom N xoauvecmeo pewenudl cucmemu (26) we
nPeaocroium
2r
eN™=™ ™%
20€ ¢ — NOAONCUMEABR AT NOCNOTHHAA, 348UCTULAT MOABKO OM T U N.

Wz (25) u onenrn TeopeMsl 3 cienyer HepaBeHcTBO B(N) > ¢f N
C HEKOTOPOW MOJIOKUTEIbHOW MOCTOAHHOM, 3aBUCAINENA TOJABKO OT T
u r. Takum o6paszoM, MIIOTHOCTD TOCHEN0BATEIbHOCT B He MeHbIIe
c1 > 0.

WUrak, nisa nokaszaTeilbCcTBa TeOpeMbl 1 HOCTATOYHO yCTAaHOBUTH
Teopemy 3. B cBolo ouepenp, mocienHsas TeopeMa MOMKeT OBITH BBHI-
BelleHa U3 CIeAyIONero yTBep:KIAeHNA.

Teopema 4. [Tycms P > 1 u muozouaen f(x) = ape™+- - +an_12+a, €
Z[z] yoosaemeopsem ycaosusm

nZQa 0<|Clo|<A, |a1|§APa"'a|an—1|§APn_1a

20e A — docmamonno boavwas no cpasuenuio ¢ n nocmoguuag. Tozda
YUCAO PeweHUl ypasHenus

5

D (D f(e) =0, s=8""

ji=1
6 yeanz wucaar x; ¢ yeaosugmu 0 < x; < P ue npesocrodum N T3PS,

BriBon Teopemsl 3 u3 TeopeMsl 4. BriGepem mHorouieH f(z) = 2.
Honosum Takke 2r = 8*~1 = 5. P = N/" Cormacno teopeme 4
KOJIMYECTBO DEITeHW ypaBHEHUA

do(-lYaf =0,  0<a; <N
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2r _
He mnpeBocxomuT AS T3P = Ne-3N L O

OcrtaTok aToro maparpaga MOCBSAIIEH J10KA3aTENbCTBY TeOPEMbI
4, KoTopoe MPOBOMUTCA WHAYKIWMENR 110 CTelleHn MHorodieHa f(#) u
cxomno ¢ MeTonoM I'. Beitiisa olleHKM TPUTOHOMETPUUECKAX CYMM. 32~
METUM, YTO OPUTHMHAJIbHOE N0Ka3aTedbCcTBO JIMHHUKA 9TOW TeopeMbI
naer sHavenne s = 24 em. [3], ctp. 35. 3nauenue s = 8"~ mosyye-
Ho Xya Jlo-rernowm.

3.3. Jlemmer Xya Jlo-rena.

JIemma 6. [lycme X, Y — delicmeumeasusie wucaa, yoossemeaopaiou,ue
nepagencmeam 1 < X <Y wa — yeaoe wucao. Koauvecmeo pewenut
duoganmosa ypasnenus

T1Yy1r + T2y2 = a (27)
nPU YCAOBUAT
0< || £ X, ly:| <V, i=1,2,
He NPesocrodum

12X%, npu a=0,

40XYZ§, npu a#0.
dla

B nocaenHen CyMMe d Hpo6eraeT BCe IIOJONRUTEJIbHBIC ACINTEIIN
a.

JoxrazareancrBo. PaccMorpum cHavasa cayuaii a = 0. Tpoiiry
(x1,®2,Y2), ; # 0 MOKHO BBIOpDATH

2[X]-2[X]- (2[Y]+ 1) < 12X?Y

criocobamm. g rakmoii Takoii Tpo#km, BBUAY ycaoBua x; £ 0
cyllecTByeT He 0DoJjiee OAHOTO Y1, YAOBJIETBOPAIONIEr0 PaBEHCTBY
1y + x2y2 = 0.

MMycth a # 0. OueHnM YUCIO pellleHuii ¢ ycaoBreM |za| < |z1]. Bee
pentenns (21, £2,Y1, Y2) pa3o6beM Ha T'PYINBLI ¢ OJAMHAKOBBHIM 3HAaUE-
HeM d = (21, 22) > 1.

Pukcupyem cHadaJa Mapy B3aMMHO MPOCTHIX YMCes T1, T2. loraa
JULA MoOBIX ABYX permenuii (y1,v5), (v), v5) ypaBHerna (27) uMmeem

Y =y +tao, vy = b +tzy, tEZ,
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"o 27
|y — 9ol _

t| = —_—
=" =

IMockoabky |z1] < X <Y, koaudecTBo 3HaveHUid | He MPEBOCXOIUT

2 |2 +1 < 5. CrenoBaTellbHO, KOIMIECTBO PENICHUHA C yCIOBH-
[z = el ’

amu (21, 22) = 1, |ze| < |21| He mpeBoCcxOAUT

50 > L520)(5/.

|21
1<|e1| <X 1< w2| <[ w1]

Yuciao pemiennii ¢ ycnosueM (21, 22) = | n 6e3 orpanndenns |rs] <
|#1] Moxker BBITH oreHeHno cBepxy Besuumnoir 40XV, a ¢ ycaoBuem
(x1,22) = d > 1 — BennumHoiA %XY. CyMMupys 1o BceM d, MOy IuM
HYKHOE HEPABEHCTBO.

JlemmMma 7. Koauwecmeo pewenuil ypasnenus
T1y1 + T2y2 + x3y3 + vaya = 0, (28)
nPU YCAOBUAL
0<lao <X, |wl<Y, 1<i<4, 1<X<V,
ne npesocrodum c(XY)3, 20e ¢ = 6 - 10,
Benuuuna KOHCTAHTHI ¢ B JaJIbHEUIIEM HE UMEET 3HAUEHUA.

JHoxazareabcrBo. OGosnaunm GykBamu ¢(a) u M wronndecTBa pe-
meHwii ypapHeHnii (27) 1 (28) cOOTBETCTBEHHO PW 3aaHHEIX B JIEM-
Max orpanmuenuax. Torma

M< Y aba(-k) < 144X 4 S q(b)(—k).  (29)
[k|<2XY 1<[k|<2XY

Coraacno iemme 6 IIoJydyaemM

S atkuh <2 arxve Y (2] 6o

1<|k|<2XY 1<k<2XY \ dlk
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Haa mo6oro T > 1 naxoaum

2

s=y 1Y) = ¥ o Yo

1<k<T \ d|k 1<dy,d2<T E1<k<T
dalk,dz2|k
1 T (dy,d di,d
DI e il EXAD O v
1<dy,do<T 1792 Lo%2 1<dy,do<T V7172
ITocroabky

(dl, dz) S min{dl, dz} S \/ dldz,

OIl€HEKa S MoseT OLIThH IIpoadoJIKEeHA

2

1 1
1<dy,d2<T 1<d<T

TMonyuusmascs orenka npu T = 2XY u HepaBernctba (29), (30) ma-
0T HAM

M < 144X*Y7 4 2-40%(XY)? - 9-2XY <6 104X Y)°.

B 1943 r. }O. B. Jlunuuk BMecTO jeMMBI 7 MCIIOIb30BA CIEIYIO-
mee yrBepaenue: nycms £ > 2 u 1 < X <Y < e X1, moeda wucao
pewenull ypasHenuss

riyr+ -+ 2y =0

npu yeaosusr 0 < |z < X |y| < YV, 1 < i < 4, ne npesoczodum
CQ(XY)Z_l.

IToCKONBKY BTy JeMMY NPUXOMATCA HPUMEHATH npu Y ~ X771
1o JIMHHUEK DOMKeH OLINT MCHoNb30BaTh ee miaa £ = n. Xya Jlo-ren
ocBobomiica ot yeaosua Y = O(X 1), uto mpuseso ¥ ympomtenmio
OKa3aTeNhCTBA TEOPEMBI 3.

3.4. KomMmGuHaATOpDHBIE JIEMMBI.
3naeck, caenya HO. B. JIuHHUKY, MBI OJAy4YUM OIEHKH YUCJa Pe-
meHnii 1rnopaHTOBBIX YPaBHEHUH ClIeNUaIbHOIO BUAA.

Jlemma 8. ITyems F(T) € Zfx1, ..., xq] v A — Koneunoe nodmmoxnce-
emeo Z%. IIpu awbom k € Z woauvecmeo pewenutl ypasnenus

F@) -F@ =k  TJEA (31)
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He NPesocrodum Koaunecmea pewenull ypaeHenus

F@)-Fy) =0, TJ€A, (32)

JoxazarenbcrByo. OfoszHaunuM A(a) — KONWYECTBO pEIIeHNi ypaB-
HeHUA
F(T) = a, TEA,

nycTh Takske N n M — KonmdectBa pernenuii ypasHernit (31) u (32)
coorBercTBeHHo. Torma

N=> MNa)-Ma—k) < %Z(A(@Z +AMa—k)?)=> Ma)’ =M. O

a

Jlemma 9. Iyemsy F(T) € Zlxq, ..., 24], A1,..., Asp — Koneunsie noo-
mronceemea Z% u N(Ay, ..., Agg) — wucao pewenudi ypasnenus

2%k

D (-1YF®)=0, Te€A, 1<i<2k

ji=1

Cyuwecmeyem undexc r maxod, wmo

N(A, ... As) < N(Ay, ..., Ay).

JokazareabcrBo. MHOKecTBO pasiauubix HaGopos (A;, ..., Aj,.)
roHeuHo. Ilycts (By, ..., Bap) — OAWH W3 HUX, YAOBIETBOPAIOIIMIA
CIEeAYIOMMUM yCIOBUAM:

1. N(Ba,...,Ba) — Haubonbuiee us unced N(A4; ... 4;,.),

2. Cpemu Bcex HaBOPOB, YIOBIETBOPAIOIINAX MEPBOMY YCIOBUIO,
HaGop (Bi,..., Ba;) comep®EnT HanMeHbIEE KOMUIECTBO PA3ITUYHbBIX
MHOMKECTB.

O6o3Haunm GYKBOUW ¢ KOJIMYECTBO PA3UYHBIX MHOMKECTB CpeIu
By, ..., Bsp. llocTaTouno ngokasath, uto ¢ = 1. [Ipeamomosxmm, dTo
q > 2. Pasobbem Habop Bi,..., Bsp Ha ABe COBOKYIHOCTHU IO k MHO-
#ectB By, ..., Bj, m Bj,.,,..., By, Tak, 4ToOH mepBasg W3 HAX CO-
mepkaia He Gosee ¢ — 1 pa3IUYHBIX MHOKECTB. DTO, OUEBUIHO, MOMK-
HO CHIeJaTh.

Hna rammoro T € 7 o6osnaunm A(T) un pu(T) cooTBeTCTBEHHO KO-
Ju4YecTBa peEIleHUA Y paBHEHUNA

k 2k

Y (CDF(E,) =T, Y (=VF@,) =T

£=1 L=k+1
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mpu ycaouax T; € B;,1 < j < 2k. Toraa

N(Bi o Ba) = SNO(T) < L ST 4 (TP, (33)

T

Yucao S AT)? ecTb KoMMUeCTBO pellleHuii ypaBHEeHUs

Y (FVE@) =Y (1Y F(g;,) = 0 (34)

=1 =1
npu ycnosuax Tj,,y;, € Bj,, 1 <€ < k. Cpean umcen Uiy - ydm i +
1,...,jr+1) ectb k gernBIX U k HeueTHBIX. [TonTOMY

Z/\(T)z = N(Bil, cee ,Bi%),
T

rlle Bce MHOKecTBa B;, TIpPUHAIIERKAT TePBO# U3 ONpe e leHHbIX BhI-
me coporynHocreit. Cymma Y pu(T)? Takske MoskeT GBITH MHTEpPIIpe-
T

THPOBaHa, KaK KOJWYECTBO DeIleHnii ypaBHeHUsA, mopobHoro (34).
TosToMy M3 ompeleneHns coBOKynHOCTH (B, ..., Baog) ciaeayoT He-
paBeHCTBa

ZA )2 < N(Bi, ..., Bay), Zﬂ )2 < N(Bi, ..., Bag),

npoTuBopevarye (33).

3.5. JlokazaTesbCcTBO TeopeMbl 4.

IIycTh n — HauWMeHbIllee Teoe YUCIO, IIA KOTOpOTo TeopeMa 4
HesepHa u f(x) coorBeTcTByIONMit MHOTOUNeH. [Tomoskum ¢ = 8"~% =
s/8.

ypaBHeHI/Ie 13 T€OPEMBI 4 MOKHO IIepenmcaTb B BUJIAE

DD (=1 (@i ang) — flwig)) =0, 0<z,; <P (35

i=1 ji=1

MMonosxknm B nemme 9 k= 2t,d =2, F(z,y) = f(») — f(y),

Ao={(z,y)eZ? | 0<ay<Pa=y},
Ay ={(z,y) €z | 0<zy<Pa#ty}
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Cymectsyer 2% BerTopoB BuIa

L,
(~~~,£j,i,~~~), 1<i<4, 1<y5<H, Ej’i:{o

Bcee permenun ypasnenus (35) pasobbem na 2% knaccos B coorser-
CTBUW C TPUHAITERKHOCTHIO

(%55, %5 045) € Ag; I<i<4, 1<5<t.
Coraacuo nmemme 9 cymectByer r = 0 uam 1 Takoe, uro aiusA mgroboro
Habopa (i1,...,%4) COpPABEITNBO HEPABEHCTBO
N(As, o AL) SN(AA . L AN

I/IMeeM PaBEHCTBO
N(Aoa s aAO) = ([P] + 1)4ta

u, eciim N(Aq, ..., A1) < N(Ao,...,Ag), To 9nciio pelleHnid ypaBHe-
HUA U3 TeopeMbl 4 He IpeBOCXOAUT

24t([P]+ 1)4t S 44tP4t S AS_SPS_H

npu A > 4. DrTa oleHKa COOTBETCTBYET YTBEDKIEHUIO TeOopeMbl 4
IMO9TOMY COTJIACHO MTPEANOIOKEHNIO UMEEM ' = || T.e. HyKHO€ UMCJIIO
petennii He npesocxoaut Beauunnbl 2N (Aq, ... Ap).

HOna Toro, 4Tobwl oneHnTh cBepxy N(Ap,..., A1), paccMorpnm
cHavasa cayvaii n = 2. Toraa t = 1 u ypasHenue (35) MokHO mepe-
nucaTh B BUIE

SV SN =0, wAu 0<wu <P (30)

ITocroabky
Fy) = F(@) = (y = 2)aoy + ana + 1),
To ypasHenue (36) MomxeT GbITH MPEACTABIEHO B BUIE
Zlhl — Zzhz + Z3h3 - Z4h4 = 0, (37)

riae hy = yi — ®i, 2 = ag(x; + y;) + a1. Kpome Toro, crpaBemsinBbl
HepaBeHCTBA
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Tak kak ag # 0, To Kakgomy Habopy (z1,h1,...,24, he), ymoBile-
TBopstoneMy (37), (38), cooTBercTBYeT He Goslee OJHOTO pEIIEHNA
(x1,...,%4,Y1,...,ys4) ypaBHernus (36). IlosToMy cormacHo memme 7

BBITIOJIHAECTCSH OIIEHKa
N(Aq,..., A)) < e(P-3AP)® < A*P° A > 27¢,

a YMCJII0 penreHnii y paBHeHr U3 TeoPeMbl 4 OlleHMBAETCA BeJTUINHON
A5 PS| kak U yTBep:KIaeTcsl TeopeMoii.

WTak, BHIMOJHEHO HepaBeHCTBO n > 3. Ilepemumiem ypaBHeHUMe
(35) B BUIE

t 4
(=17 Y (=1 (F(wiasi) — F(2ij)) = 0,
ji=1 i=1
Tipyj F ®ij, 0<w; <P (39)

IMpumenum onsth gemmy 9 ¢ d=8,k=1/2u

4

Flxy,..zay, - y) = (=D (f(y) — f(xi).

i=1

Hua moboro wHabopa nenbix uucen ¥ = (U, ..., us) ¢ ycaosuem 0 <
|uj| < P obosnaunm cumBosoM M (u1,. .., us) MHOKECTBO BEKTOPOB

(Ila"'ay4)ezsa Oéxlaylgpa Yi — T = Uq, 1§Z§4

IlycThb Uy, ... ,U; — NPOU3BOJbHEII Ha6Op BEKTOPOB
;= (uja,...,u ) c ycrosuamu 0 < |u; j| < P. MHoecTBO peleHuit
ypaBaenus (39) pasobbem Ha kiacchl K(Uy,...,U;), OTHECA B TAKOM
KJIACC pelIeHusA C yCIOBUEM

(T1, - ag, Y1, Yay) € M(T5), 1<j<t
Cornacho nemme 9 cymectByer Bektop h = (h1,..., ha), 0 < |hj| < P
— OJIH W3 BEKTOPOB Uy, ..., U; TAKOU, UTO

|K (@, . .., %) < |K(h,... h).

K(h,...,h)|,

N(Ay,..., A< > K@, m)| <

=[]
=

—~

=

S—’
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rae r(h) — KonmudecTBo HAGOPOB (Uy, ..., Ut), COMEPHKAIINX BEKTOD h.
Bekrop h MoskeT 3aHMMaTL JIOGYI M3 | IMO3UIMIA B BEKTOpE
("1, ...,4q). MosTomy

r(h) <t-(2P)*=1 < yptt—4

K(R,... h)|

N(Ar,... Ay < APH=EY "
h

HOCJ’[eﬂHHH CyYMMa He€ IIpEeBOCXOJNT UNCJIA peI_HeHI/Iﬁ YPaBHEHUA

(=1 (f(wij + hi) = f(wij)) =0 (40)

1

> (1)

4 t
i=1 ji=

OTHOCUTETBHO TMePEeMeHHEIX h;, z; ; npn ycaoBuax 0 < z;; < P, 0 <
lhil < P.
Momosum npwm neaom h # 0

pr@)= T n) = @), 2= Den(ey), i=1. 4

j=1
Torna ypapteHue (40) MoKHO TepenucaTh B B
Zlhl - Zzhz + Z3h3 - Z4h4 =0. (41)

Nnmeem

riae

Y2 .
bp_1-; = Z an—Z<i)hZ_Z_1.

1<LLn
CHp aBeAJIMBBI HEPABEHCTBA

?

¢ . .
bp1—il < > AP ( ) CPfTimL <oy prTitl g <i<n— 1,
1<LLn
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n—1
2] <t 2mapnTittopt < arprol

i=0

KomudectBo pernennii ypasHerna (41) nmpu ycmoBusax
0<|hl|§P, |Zi|§/\2Pn_1

He MpPeBOCXOJUT, corjlacHo jemme 7 Besuumnbl o P - AZP"—1)3 <
A"P3" . KonnmdecTBo pelleHuii ypaBHEHNT

(=1 en, (zi) = 2, 0<z,; <P

-

1

J

He TIPEBOCXOJUT, B CUJIY JE€MMBI 8 UKMCIa PelleHnuil ypaBHeHNA

(=1 @n, (xi5) =0, 0<z; <P,

t

[N
—_

a ®TO UMCJIO, COTNIACHO MHAYKTUBHOMY IIp€AIoI0KEHNIO, OLEHIBACT-
CA CBepXy IpH JA0CTATOYHO GOJBIIOM A BEJIMUMHO
(27X)1=3(2"AP)! ="+l Takum obpasom,

N(Al, o ,Al) < /\P4t—4 . /\7P3n(/\t—2(/\P)t—n+1)4 < /\8_4Ps_n.

W3 monydyeHHOUW OIEHKM CJIEAYET, UTO YKUCIO PEINEHWA ypaBHEHU
U3 TeopeMHl 4 olleHMBaeTcA BeamumHoi A~ 3P*~". Dro 3aBepmraer
IOKa3aTeNHCTBO TEOPEMBI.

Kak uszBecTHO, HauboJbIllee KOTUIECTBO CaraeMblXx B mpobieme
Bapunra meobxoammo mis mpeAcTaBUMOCTH MajieHbkux uwmcen. Tak
quciio 23 HeJAb3A MPelCTaBUThL B BUAe CYMMBI MeHee deM 9 Ky6oB Ha-
TypadabHBIX unces. B 1o ke Bpemsa B 1908 r. ©. Jlanaay, onepupys
¢ adrebpamvecKUMM TOMRAECTBAMU W WCIIOIb3YA ACUMITOTUKY I
KOJIMYECTBA MPOCTHIX B mporpeccuu 3k + 2, mokaszai, 4To KaxkIoe m0-
CTATOYHO GOJBINOE YMCIIO MPEACTABUMO B BUE CYMMEI He HoJjiee UeM
8 Ky6oB HarTypadbHbX uncen. B 1942 r. 10. B. Jlunnuk, [7], ycra-
HOBWJI, YTO MUIA ®TOTO MOCTATO4HO W 7 Ky6oB. JlokaszaTeiabcTBO mMC-
MTOJTb30BAJIO BJIEMEHTAPHBINA MOAX0, OCHOBAHHBIA Ha WCITOH30BaHNA
ajrebpamvecKuX TOKIECTB, a TaKKe PE3YIbTATHI O MPEACTABAMOCTH
ynicell TepHAPHBIMHU KBaJpaTudHbIMU GopMamu. B 1951 r. k. Bat-
con, [19], cymecrBento ynpoctua paccysaenus Junnura. Ero mo-
Ka3aTedbLCTBO TeopeMbl o 7 Kyb6ax BEIMOJHeHO B aAyxe Jlanzay, Ho
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KUCIIOJIb3YET ACUMITOTUYECKYIO GOPMYILY JJA KOMWYECTBA IIPOCTHIX
B nporpeccun ak +b, k < X, rue a Moxer pactu Kak cremens In'%’ X

YeMmenTapHble AoKa3arTeinbcTBa | mabbepra u JlwwHukra mgamoT
OoYeHb Ipybble OIEHKM I KOJIMYeCTBA cllaraeMBIX B mpobieme Ba-
putra. Ilycts G(n), Kak 06BIYHO, 0603HAYaAET HAWMEHBINEE KOV~
YeCTBO CJIaraeMbIX, HEOOXOoaMMoe A MPeACTABUMOCTHA BCEX MO-
CTaTOYHO OGOJIBIIMMX YWCEN B BUJAe CyMMBI n-X cTeneneii. Haummyu-
masA B HACTOsAIlee BpeMA NMpW GOJBIINUX n olleHKa cBepxy (G(n) <
ninn+nlnlnn+ O(n) npunannexur T. 7. Boonn u 6blia mosydeHa
uM B 1992r. ¢ moMoIIpIo Ty 5OKNX aHATUTUYECKIX MeTOA0B, cM. [20].

B 1974 r. B coBmectro# pabore HO. B. Jlunnuka v 5. M. Bpeau-
xuHa [2] BrepBble ObIIO YKA3aHO HAa BO3MOMKHOCTH IIPUMEHEHU IUC-
MMEPCUOHHOTO MeToja JIMHHUKA i 9iIeMeHTapPHOTO PEIIEHUA MPOo-
6iembl Bapunra. Peasusanum »Toil Merd TOCBAIEHA BHINIEANAA B
1978 r. crarbsa [l], rae NpuBOAMTCA DileMeHTApHOE DelleHue MPOo-
Gnembl Bapunra ¢ onenkoii G(n) = O(nlnn).
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